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Abstract 

We introduce the quasi-Hopf superalgebras which are Z2 graded versions of Drinfeld's 
quasi-Hopf algebras. We describe the realization of elliptic quantum supergroups as 
quasi-triangular quasi-Hopf superalgebras obtained from twisting the normal quantum 
supergroups by twistors which satisfy the graded shifted cocycle condition, thus gen- 
eralizing the quasi-Hopf twisting procedure to the supersymmetric case. Two types of 
elliptic quantum supergroups are defined, that is the face type B q> \{Q) and the vertex 
type v4q !P [s/(n|n)] (and A qtP [gl(n\n)]) , where Q is any Kac- Moody superalgebra with sym- 
metrizable generalized Cartan matrix. It appears that the vertex type twistor can be 
constructed only for U q [sl(n\n)} in a non-standard system of simple roots, all of which are 
fermionic. 



Mathematics Subject Classifications (1991): 81R10, 17B37, 16W30 



1 Introduction 



One of the aims of this paper is to introduce Z 2 graded versions of Drinfeld's quasi- 
Hopf algebras Q, which are referred to as quasi-Hopf superalgebras. We then introduce 
elliptic quantum supergroups, which are defined as quasi-triangular quasi-Hopf superalge- 
bras arising from twisting the normal quantum supergroups by twistors which satisfy the 
graded shifted cocycle condition, thus generalizing Drinfeld's quasi-Hopf twisting proce- 
dure UH, H, £|, |, U to the supersymmetric case. We adopt the approach in Q and construct 
two types of twistors, i.e. the face type twistor associated to any Kac-Moody superalgebra 
Q with a symmetrizable generalized Cartan matrix and the vertex type twistor associated 
to sl(n\n) in a non-standard simple root system in which all simple roots are odd (or 
fermionic). It should be pointed out that the face type twistors for certain classes of 
non-affine simple superalgebras were also constructed in ||. 

The elliptic quantum groups [| are believed to provide the underlying algebraic 
structures for integrable models based on elliptic solutions of the (dynamical) Yang-Baxter 
equation, such as Baxter's 8- vertex model ||, the ABF model and their group theo- 



retical generalizations fll||l!q|. The elliptic quantum supergroups described in this paper 



are expected to play a similar role in supersymmetric integrable models based on elliptic 



solutions [13. 14 1 of the graded (dynamical) Yang-Baxter equation. 



2 Quasi-Hopf Superalgebras 

Definition 1 : A Z 2 graded quasi-bialgebra is a Z 2 graded unital associative algebra A 
over a field K which is equipped with algebra homomorphisms e : A —> K (co-unit), 
A : A — ► A £g> A (co-product) and an invertible homogeneous element $ e A <g> A <g> A 
(co-associator) satisfying 

(l®A)A(a) = $ -1 (A<8>l)A(a)$, Va e A, (2.1) 

(A ® 1 <g> 1)$ • (1 ® 1 <g> A)$ = ($ <g> 1) ■ (1 <g> A <g> 1)$ • (1 <g> $), (2.2) 

(e®l)A = l = (l®e)A, (2.3) 

(l®e®l)$ = l. (2.4) 



ID, ( ^3|) and ( ^4|) imply that $ also obeys 

(e®l®l)$ = l = (l®l(8)e)$. (2.5) 
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The multiplication rule for the tensor products is Z 2 graded and is defined for homoge- 
neous elements a, b,a',b' G A by 

(a <g> b)(a! <g> 6') = (-l)WM ( aa ' g, (2.6) 
where [a] G Z 2 denotes the grading of the element a. 

Definition 2 : ^4 quasi-Hopf superalgebra is a Z 2 graded quasi-bialgebra (A, A, e, $) 
equipped with a Z 2 graded algebra anti-homomorphism S : A — > A (anti-pode) and canon- 
ical elements a, ft G A suc/i t/iat 

m-(l®a)(S'®l)A(a) = e(a)a, Va G A, (2.7) 

m- (l®/?)(l®S)A(a) =e(a)/3, Mae A, (2.8) 

m - (m ® 1) • (1 ® ft ® a)(l ® £ ® = 1, (2.9) 

m - (m ® 1) • (S ® 1 ® 1)(1 ® a ® ® 1 ® 5)$ = 1. (2.10) 

Here m denotes the usual product map on A: m • (a ®b) = ab, Va, b G A. Note that 
since A is associative we have m ■ (m (g> 1) = m • (1 ® m). For the homogeneous elements 
a,b e A, the antipode satisfies 

S(ab) = (-l) [a][b] S(b)S(a), (2.11) 

which extends to inhomogeneous elements through linearity. 

Applying e to defintion (|2~9| , |2.10|) we obtain, in view of ( pT4|) , e(a)e(/3) = 1. It 



follows that the canonical elements a,/3 are both even. By applying e to ( |2.7[ ), we have 
e(S(a)) = e(a), Va G A 

In the following we show that the category of quasi-Hopf superalgebras is invariant 
under a kind of gauge transformation. Let (A, A, e, $) be a qausi-Hopf superalgebra, with 
a, ft, S satisfying (|2.7f )-( |2.10|) , and let F G A <S> A be an invertible homogeneous element 



satisfying the co-unit properties 

(e<g>l)F = l = (l<g>e)F. (2.12) 

It follows that F is even. Throughout we set 

A F (a) = FA(a)F-\ Va G A, (2.13) 
$ F = (F ® 1)(A ® 1)F ■ $ ■ (1 <g> A)F -1 (1 g> F _1 ). (2.14) 
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Theorem 1 : (A, A F , e, defined by ( \2.13j , \2. 14\ ) together with a F ,/3 F ,S F given by 



S F = S, a F = m- (l®a)(S ® /3 F = m • (1 ® ® £)F, (2.15) 

zs a/so a quasi-Hopf superalgebra. The element F is referred to as a twistor, throughout. 

The proof of this theorem is elementary. For demonstration we show in some details 
the proof of the anti-pode properties. Care has to be taken of the gradings in tensor 
product multiplications and also in extending the antipode to the whole algebra. First of 
all let us state 

Lemma 1 : For any elements rj G A® A and £ G A <g> A ® A, 

m ■ (1 ® a F )(S ® 1)77 = m • (1 ® a)(S ® l)^" 1 ^), (2.16) 

m • (1 ® /? F )(1 ® 5)77 = m • (1 ® ® S)(r?F), (2.17) 
m • (m ® 1) • (1 ® /3 F ® ap.)(l ® 5 ® 1)£ 

= m • (m ® 1) • (1 ® P ® a)(l ® S® 1)[(1 ® F" 1 ) • £ • (F ® 1)], (2.18) 
m • (m ® 1) • (S ® 1 ® 1)(1 ® a F ® ® 1 ® S)£ 

= m • (m ® 1) • (S ® 1 ® 1)(1 ® a ® /3)(1 ® 1 ® S) 

■ [(F -1 ® 1) • £ • (1 ® F)). (2.19) 

Proof: Write F = /j® /' and F _1 = ft® f l . Here and throughout, summation convention 
on repeated indices is assumed. Then ( |2.15| ) can be written as 

a F = S(fi)af, (3 F = fiPS(f). (2.20) 
Further write rj = r] k ® 7] k and £ = J2i x i ® 2/« ® ^i- Then 

l.h.s. of (2.16) = m'{l®S{f^aP){S( Vk )<^r l k )=m-{S( Vk )®S(f i )af i r l k ) 

= StoWftafrf = S(f iVk )af V k x (-!)«!, 
r.h.s. of (glBD = m ■ (1 ® a)^ ® l)(/;77 fe ® fr?*) x (-l)LHfe] 
= Sif^afY x (-l)^W, 



thus proving ( j2.16| ). ( [2.17| ) can be proved similarly. As for fl2.18| ) we have: 



l.h.s. of (2.18) = ^x i p F S(y i )a F z i = 1 £x i f j pS(f i )S(y i )S(f k )apz i 

i i 

= '£ l x i f j pS(f k y i f1)af k z i x (-i^K^+IM+IMW 

i 

r.h.s. of fl2~T8p = m ■ (m ® 1) • (1 ® /3 ®a)(l ® S® 1) 

• Eh/i ® Aw/' ® x (-l)^^^^^, 

i 

= ^XiffPStfwftapZi x (_i)[«]+[/*])+[M/,], 



where we have used the fact that the element F is even. ( 2.1 9|) is proved similarly. 



Now let us prove the property (|2.7|) for a F and A F . We write, following Sweedler, 

A(a)=5>(i)®a(2)- (2.21) 

(a) 

Then, in view of lemma |1], 

m • (1 ® a F )(S® l)Ajr(a) = m- (1 ® a)(S' ® l)(F _1 A F (a) 

= m- (1 l)(A(a)F- 1 ) 
= to • (1 ® a) E( 5 («(D^) ® 0(2)/*) x (-l) [Ma < 2 > ] 

(a) 

= s(/^s(a (1 ))™ (2) f x (_i)Waa«d)]+[«<»)]) 

(a) 

= S(/0££(a ( i))aa (2) f x (-l)M 

(a) 

= (-if^Sifi) Y,S(a (1) )aa {2) r 

(a) 

( = 7) S(f t )e(a)ap x (-l)lflM 



= S{^e{a)ap ^ e(a)a F , (2.22) 

where we have used the fact that 

e(a) = 0, if [a] = 1. (2.23) 



The property (|2.8|) for /3p and A F is proved similarly. We then prove property ( pT9| 



which reads in terms of the twisted objects 

to • (to ® 1) • (1 ® ® a F )(l ® 5 ® 1)$/ = 1. (2.24) 

Let us write 

= ^X V ®Y V ®Z V . (2.25) 

Then, in view of ( |2.18| ), 



l.h.s. of (2.24) = m-{m®\)-{\®(3®a){\®S®\)\{\®F- l )§ F l {F®\)\ 

m • (to ® 1) • (1 ® ® a)(l <8> 5 ® 1)[(1 ® A)F ■ ■ (A <g> 
= to- (to® 1) • (1 ®/3® a)(l ® S® 1) 

",(/),(/) 

X (_ 1 )([^] + [%l)])([/ ( \ ) ] + ^ 

= E /<•& E fiO)P s ifiW)S(^) E S{f{ x) )afl 2) Z v p 

if) (/) 



= £ fix,, E f m (3S(f m )S(Y u ) E SifyaffoZji 

(/) (/) 

V 

(/) (/) 
SB 5 E frX v e{h){3S{Y u )e{f)aZ v p ■ (-l)(W+?.DW+(^]+MlfiW]a 

V 
V 

= m ■ (m ® 1) • (1 <g>/3 <g> a)(l <g> 5 ® 1) 

•[((1 ® e)F ® 1) • • ((e ® ® 1)] 



( ^ m-(m®l)-(l®/3®a)(l®5®l)$- l( ^ |) l. 



The property ( 2.1U| ) for the twisted objects, which reads, 

m • (m ® 1) • (£ ® 1 ® 1)(1 ® a F ® /3 F )(1 ® 1 ® S)$ F = 1, 
is proved in a similar way. 



(2.26) 



Definition 3 : ^4 quasi-Hopf superalgebra (A, A, e, $) zs called quasi-triangular if there 
exists an invertible homogeneous element 1Z E A® A such that 



A T (a)TZ = TZA(a), Wa G A, 

(A ® = $ 2 - 3 1 l^l3$132^23$r23, 



(1 ® A)ft = $312^13$213^12$ 



123- 



(2.27) 
(2.28) 
(2.29) 



Throughout, A T = T • A with T being the graded twist map which is defined, for homo- 
geneous elements a, b G A, by 



T(a®6) = (-l) [a][b] b ® a; 



and $132 eic are derived from $ = $123 with the help of T 



(2.30) 



$132 
$312 
®2 3 \ 



(1®T)$ 123 , 

(t ® i)$ 132 = (r ® i)(i ® t)$ 123 , 

(l®T)*^ = (l®T)(T®l)$][i, 



and so on. We remark that our convention differs from the usual one which employs the 
inverse permutation on the positions (c.f. [|J). 



It is easily shown that the properties (|2.27|) -( p.29| ) imply the graded Yang-Baxter type 
equation, 

^ 12 $ 2 3 1 1 ^ 1 3$132^23$r23 = ^23^312 ^13*213^12, (2.31) 

which is referred to as the graded quasi- Yang-Baxter equation, and the co-unit properties 
of 1Z: 

(e ® 1)11 = 1 = (1 ® e)ll. (2.32) 



Theorem 2 : Denoting by the set (A, A, e, 1Z) a quasi-triangular quasi-Hopf superal- 
gebra, then (A, Ap, e, <&f, TZf) is also a quasi-triangular quasi-Hopf superalgebra, with the 
choice of Rf given by 

1Z F = F T 1ZF~ 1 , (2.33) 



where F T = T ■ F = F21. Here Ap and §p are given by and ( 2. respectively. 



The proof of this theorem is elementary computation. As an example, let us illustrate 
the proof of the property ( 2.28|) for Ap, TZp and <&p. Applying the homomorphism T ® 1 
to ($i? 1 )i23, one obtains 



(^p'his = F 13 (T®l)(l®A)F-$ 2 - 1 1 3-(A r ®)F- 1 -(F r )r2 1 

= ^i3E(- 1 ) [/ " 1[/i] (/ci)®/i®4)) $ 2l 1 3(A T ®l)F- 1 -(F T )r 2 1 , (2.34) 
(/) 

which gives rise to, by applying the homomorphism 1 ® T to both sides, 



F ) 231 



Fi2E(- 1 ) ([/(ll)]+[/(l2)])[/!l (/ ( i i) ® /&) ® /o^(i ® t)(a t ® i)^- 1 ■ (F r )r3 x 
(/) 

F 12 (A ® 1)F T • $2 3 \(1 (8) T)(A T ® ■ (F^ 1 . (2.35) 



Then, 



(A F ®l)ft F = (F® 1)(A® l)ft F - (F' 1 ® 1) 

= F i2 (A ® \)(F T 1ZF^ 1 ) ■ F^2 

= F 12 (A®1)F T (A® l)ft(A® l)^- 1 -^ 1 

( = 8) F 12 (A ® 1)F T • $ 23 1 1 ^ 1 3$i32^ 2 3*r23( A ® i)^ -1 • ^ 

^ ($F 1 )23l(F T ) 13 (l ® T)(A T ® 1)F ■ ft 13 $ 132 ft 23 $ r 2 3( A ® l)^"* ' ^ 



(2.14) 



($ F %i(F T ) 13 (l®T)(A T ®l)F 

•^13$132^2 3 (1 ® A)F- X • F 23 1 ($ F 1 ) 123 

(^ 1 ) 2 3i(F T ) 13 (l ® T)[(A T ® 1)F ■ ft 12 ] 
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J 123 



■$132^23(1 ® A)F _1 • F 23 1 ($ F 1 
^ ($F 1 )23i(F T )i 3 (l ® T)[ft 12 (A ® 1)F] 
.$132(1 ® A T )F- X ■ Tlas^C^ 1 )^ 

= ($F 1 )23l(i rT )l3^13(l ® T)[(A <g> 1)F] 

•$i 32 (l ® A T )F- X ■ ^ 23 F 23 1 ($ F 1 ) 123 
3 ($; 1 ) 23 i(^)i 3j Pr 3 1 (l®T)[(A®l)F] 

•$i 32 (l ® A T )F- 1 (F T ) 23 1 (^) 23 ($ F 1 )i 2 3 
= ($f 1 ) 2 3i(^f)i 3 (1 ® ^[Ff^A ® 1)F$ 123 (1 ® A)F- X • i^ 1 ] 

■(^f)2 3 ($F 1 )i23 
! 3 ($^) 2 3l(^)l3(l ® T)($ F ) 123 • (^ F ) 23 ($^) 123 
= ($F 1 )23i(^f)i3($f)i32(^f)23($F 1 )i23- (2.36) 

Let us now consider the special case that A arises from a normal quasi-triangular 
Hopf superalgebra via twisting with F. A quasi-triangular Hopf superalgebra is a quasi- 
triangular quasi- Hopf superalgebra with a = (3 = 1, $ = 1 ® 1 ® 1. Hence A has the 
following Z 2 graded quasi-Hopf algebra structure, 

A F (a) = FA(a)F-\ Va G A, 

$ F = F 12 • (A ® 1)F ■ (1 ® A)F- X ■ F 23 \ 

a F = m . (S® l)F~\ p F = m-{l®S)F, 

TZ F = F T TZF-\ (2.37) 

The twisting procedure is particularly interesting when the twistor F E A ® A depends 
on an element A G A, i.e. F = F(X), and is a shifted cocycle in the following sense. Here 
A is assumed to depend on one (or possible several) parameters. 

Definition 4 : A twistor F(X) depending on A G A is a shifted cocycle if it satisfies the 
graded shifted cocycle condition: 

F 12 (A) • (A ® l)F(A) = F 23 (A + h<») ■ (1 ® A)F(A), (2.38) 

where hS 1 ^ — h ® 1 ® 1 and h E A is fixed. 

Let (A, Aa, e, $(A), 7£(A)) be the quasi-triangular quasi-Hopf superalgebra obtained 
from twisting the quasi-triangular Hopf superalgebra by the twistor F(X). Then 



7 



Proposition 1 : We have 



$(A) = ^ F = F 23 (X + h (1) )F 23 (A)-\ (2.39) 

A x (a) T TZ(X) = 1Z(\)A\(a), Va G A, (2.40) 

(A A ® l)TZ(X) = $23i(A)- 1 ^ 13 (A)^ 23 (A + feW), (2.41) 

(1 ® A A )ft(A) = ft 13 (A + /i (2) )ft 12 (A)$ 123 (A). (2.42) 

yls a corollary, 1Z(\) satisfies the graded dynamical Yang-Baxter equation 

n 12 {\ + h^)n 13 (\)n 23 (\ + h^) = n 23 (X)n 13 (x + h^)n 12 (X). (2.43) 



3 Quantum Supergroups 



Let Q be a Kac-Moody superalgebra [jig , |Tq| with a symmetrizable generalized Cartan 
matrix A = (a>ij)i j ei- As is well-known, a given Kac-Moody superalgebra allows many 
inequivalent systems of simple roots. A system of simple roots is called distinguished if it 
has minimal odd roots. Let % 6 /} denote a chosen set of simple roots. Let ( , ) be 
a fixed invariant bilinear form on the root space of Q . Let 7i be the Cartan subalgebra 
and throughout we identify the dual 7i* with 7i via ( , ). The generalized Cartan matrix 
A = (dij)ij e i is defined from the simple roots by 



2(ai,atj) 



if (a h a>i) ^ 



an = { (a ^> v ' (3.1) 

(aii,atj), if (o£i,oii) = 

As we mentioned in the previous section, quantum Kac-Moody superalgebras are 
quasi-triangular quasi-Hopf superalgebras with a = (3 = 1, $ = 1 ® 1 <g> 1. We shall 
not give the standard relations obeyed by the simple generators (or Chevalley generators) 
{hi, ej, fi, % E /} of U q (G), but mention that for certain types of Dynkin diagrams extra 
g-Serre relations are needed in the defining relations. We adopt the following graded Hopf 
algebra structure 

A(h) = h®l + l®h, 

A(et) = d ® 1 + tj <8> e i5 A(/<) = /* ® t^ 1 + 1 ® f h 
e(e,) = e(/0 = e(h) = 0, 

5(6*) = -t- 1 ^, S(f^) = -f i t i , S{h) = -h, (3.2) 
where i E I, ti = q hi and h ETC. 
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The canonical element 1Z is called the universal R- matrix of U q (Q), which satisfies the 
basic properties (e.g. with $ = 1 <g> 1 <g> 1 and (ggj) ) 



A T (a)ft = ftA(a), Va G U q (Q), 
(A ® = ft 13 ft 23 , 
(1® A)ft = ^13^12, 

(e®l)K=(l®e)K=l, (3.3) 
and the graded Yang-Baxter equation (c.f. (|2.31|) with $ = 1 ® 1 ® 1) 

n l2 n 13 n 23 = n 23 n l3 n l2 . (3.4) 

The Hopf superalgebra U q (Q) contains two important Hopf subalgebras and £7~ 
which are generated by and /j, respectively. By Drinfeld's quantum double construction, 
the universal R-matrix TZ can be written in the form 



K = g> 1 + ^ a* <g> a)j ■ q- 



T 



(3.5) 



where {a*} G {a 4 } G Z7~. The element T is defined as follows. If the symmetrical 
Cartan matrix is non-degenerate, then T is the usual canonical element of TC <g> 7i. Let 
{hi} be a basis of 7i and {h 1 } be its dual basis. Then T can be written as 

T = Y,hi®h l . (3.6) 

In the case of a degenerate symmetrical Cartan matrix, we extend the Cartan subalgebra 
TC by adding some elements to it in such a way that the extended symmetrical Cartan 



matrix is non-degenerate JET] . Then T stands for the canonical element of the extended 
Cartan subalgebra. It still takes the form ( |3.6| ) but now {hi} ({h 1 }) is understood to 
be the (dual) basis of the extended Cartan subalgebra. After such enlargement, one has 
h = Y^i{h l , h)hi = h)h l for any given h in the enlarged Cartan subalgebra. 

For later use, we work out the explicit form of the universal R-matrix for the simplest 
quantum affine superalgebra Z7 g [sZ(l|l)]. This algebra is generated by Chevalley generators 
{ej, fi,hi,d,i = 0,1} with e i: odd and hi, d even. Here and throughout d stands for 
the derivation operator. Let us write hi = aj. Then we have ho = 5 — E\ + 5i, hi = e\ — 8\, 
where {ei,8 h 5} satisfy (ei,£i) = 1 = -{S^di), (eiA) = (8,5) = (8,ex) = (8,8i) = 0. 
We extend the Cartan subalgebra by adding to it the element h ex — e\-\-8\. A basis for the 
enlarged Cartan subalgebra is thus {h ex , h Q , hi, d}. It is easily shown that the dual basis is 
{h ex ,h ,h\c}, where h ex = f(ei-6i) = \h x , h° = d, h 1 = e l + d-\(e 1 -5 l ) = d + ±h cx . 
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As is well-known, Z7 g [s/(1|1)] can also be realized in terms of the Drinfeld generators [IS 
{X^, H n , H^,n G Z,c,d}, where X^ are odd and all other generators are even. The 



relations satisfied by the Drinfeld generators read [0J 

[c, a] = [H , a] = [d, d] = [H n , H m ) = [H™, H%\ = 0, Va G U q [sl(T\l)), 
q H ° X±q H ° = q ±2 X±, 

[d, X±] = nl± [d, H n ] = nH n , [d, H™} = nH c n 



rex 
l n i 



[H n , H, 



exi _ r 

"n+m,0 



[2n] g [nc] 



n 



[2n] 4 



[H n , X m ] = = [X*, X*] 

[ X n, X m] = r~~T (? f(n ~ m V. 



9-9" 



-§(n-mU- 



(3.7) 



where [x] g = (q x — q x )/(q — q 1 ), [a,b] = ab — ( — l^^&a denotes the supercommutator 
and ip± n are related to H± n by relations 



E ^±n^" = 9 ±H ° exp f ±(g - g- 1 ) £ ffin***) . 

n>0 V n>0 / 



(3.f 



The relationship between the Drinfeld generators and the Chevalley generators is 

e i = Xq 1 ", fi = X , hi = H 0} h ex = Hq x , 

e = Xrq- H °, f = -q Ho X± 1 , h = c - H . (3.9) 

With the help of the Drinfeld generators, we find the following universal R-matrix 



where 



T 

K' 

n< = 

TZ° = 

n> = 

Here and throughout 



K = K ' ■ q 



h cx <g> h ex + h ® h° + h ® h 1 + d <g> c 
i(iZo ® ^o cx + ^o x ® #o) + c (8 d + d ® c, 

1] exp f(g - q- 1 )(q^ 2 X+ ® g-/ 2 X~, 



(3.10) 



n>0 

exp 



77 

n=i l. zn l<? 



nexp[-(g-g X )(X n+1 g 

n>0 



nc/2-H 



i[A k = A AiA 2 ■ • • , n A fc 

fc>0 fc>0 



9 A -n-ly 



A 2 AiA c 



(3.11) 



(3.12) 
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It seems to us that even for this simplest quantum affine superalgebra Z7 g [s/(1|1)] the 
universal R-matrix has not been written down in its explicit form before. 

Let us compute the image of TZ in the 2-dimensional evaluation representaion (71", V) 
of Z7 5 [sZ(l|l)], where V = C 1 ' 1 = Ct>i © Cv 2 with v\ even and v 2 odd. Let be the 2x2 
matrix whose (i, j)-element is unity and zero otherwise. In the homogeneous gradation, 
the simple generators are represented by 

e i = \/Wq e i2, fi = \fWq e 2i, h = 6 (e u + e 22 ) , h ex = 2e n + c (e n + e 22 ), 
e = z\J\6\ q e 2 i, f = -2 _1 y^ei 2 , h = -9(e n + e 22 ), (3.13) 

where 9 and cq are arbitrary constants. Then it can be shown that the Drinfeld generators 
are represented by 

Hn = 2 ^( en + e 22 ), = z n[ ^-q n6 e n + z n c n ( eil + e 22 ), 

n n 

-+ _,n„n0 /r/)i v - ■ ~, n „ n S 



X: = z n q n y[8] g e 12 , X- = z n q n ^[9] q e 21 , (3.14) 

where again c n are arbitrary constants. In the following we set c n to be zero. Then the 
image Ryy(z\ 6,6') = {hq (g> tto>)1Z depends on two extra non-additive parameters 6, 6', 
and is given by 

R vv (z;9,9) = - fl-flren ® en + e 22 ® e 22 + r^en ® e 22 

1 — zq y y 1 — zq~v~v 



9' g(g ~ g *) 

1 — 



WU"" 1 .„: -> 2i ® e ia . (3.15) 



( p,15| ) is nothing but the R-matrix obtained in [22 by solving the Jimbo equation 



4 Elliptic Quantum Supergroups 

Following Jimbo et al ||, we define elliptic quantum supergroups to be quasi-triangular 
quasi- Hopf superalgebras obtained from twisting the normal quantum supergroups (which 
are quasi-triangular quasi-Hopf superalgebras with a = (3 = 1, $ = 1® 1® 1) by twistors 
which satisfy the graded shifted cocycle condition. 

4.1 Elliptic Quantum Supergroups of Face Type 

Let p be an element in the (extended) Cartan subalgebra such that (p, a^) = (a;j,aij)/2 
for alii E I, and 

(f> = Ad(q^i hlhl ~ p ), (4.1) 
11 



be an automorphism of U q (Q). Here {hi}, {h 1 } are as in ( |3.6| ) and are the dual basis of 
the (extended) Cartan subalgebra. Namely, 

0(e 4 ) = etU, = t^fc, <P(q h ) = <A (4.2) 

In the following we consider the special case in which the element A introduced before 
belongs to the (extended) Cartan subalgebra. Let 

<Px = <f) 2 ■ Ad(q 2X ) = Ad(g^ ^-2p+2A) ( 4 _3) 

be an automorphism depending on the element A and 1Z be the universal R-matrix of 
U g (Q). Following Jimbo et al M, we define a twistor F(X) by the infinite product 

F(\) = f[(<P k x ®l)(q r ny 1 . (4.4) 

k>l 

It is easily seen that F(X) is a formal series in parameter(s) in A with leading term 1. 
Therefore the infinite product makes sense. The twistor -F(A) is referred to as face type 
twistor. It can be shown that F(X) satisfies the graded shifted cocycle condition 

F 12 (A)(A <g> l)F(A) = F 23 (A + /i (1) )(l <g> A)F(A), (4.5) 

where, if A = J2i Aj/i', then A + = E/(A; + hf ] )h l . The proof of O is identical to the 
non-super case given by Jimbo et al [§], apart from the use of the graded tensor products. 
Moreover, it is easily seen that F(X) obeys the co-unit property 

(e ® l)F(A) = (1 ® e)F(A) = 1. (4.6) 

We have 

Definition 5 (Face type elliptic quantum supergroup): We define elliptic quan- 
tum supergroup B q ^\(Q) of face type to be the quasi-triangular quasi-Hopf superalgebra 
{U q (Q), A\, e, $(A), 7Z(\)) together with the graded algebra anti-homomorphism S defined 
by ftgjfy and a x = m ■ {S ® l)F(A) -1 , f3 x = m-(l® S)F(X). Here e is defined by Q), 
and 

A A (o) = F(A)A(a)F(A)-\ Va e U q (G), 

n{\) = F{\) T nF{\)-\ 

$(A) =F 23 (\ + h^)F 23 (X)- 1 . (4.7) 
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We now consider the particularly interesting case where Q is of affine type. Then p 
contains two parts 

P = P + gd, (4.8) 

where g = (ip, ip + 2p)/2, p is the graded half-sum of positive roots of the non-affine part 
Q and ip is highest root of Q; d is the derivation operator which gives the homogeneous 
gradation 

[d, d] = 5 i0 ei, [d, fi] = -6 m fi, i e I. (4.9) 

We also set 

A = \ + ( r + g)d + s'c, r,s'eC, (4.10) 

where A stands for the projection of A onto the (extended) Cartan subalgebra of Q. 
Denoting by {hj}, {h j } the dual basis of the (extended) Cartan subalgebra of Q and 
setting p = q 2r , we can decompose <p\ into two parts 

A = Ad(pV cd ) " 0a, 0a = Ad(q^ hj+2 ^). (4.11) 

Introduce a formal parameter z (which will be identified with spectral parameter) into 1Z 
and F(X) by setting 

TZ{z) = Ad(z d (g) 1)11, 
F(z,\)=Ad(z d ®l)F(\), 

TZ{z, A) = Ad{z d ® l)TZ(X) = F(z~\ X) T n(z)F{z, A) -1 . (4.12) 

Then it can be shown from the definition of F(X) that F(z, A) satisfies the difference 
equation 

F(pq 2cW z, A) = (0 A ® l)" 1 ^, A)) • q T npq 2cW z), 

F(0,X) = Fg(X). (4.13) 

The initial condition follows from the fact that 1Z(z)q d ® c+c ® d \ z= o reduces to the universal 
R-matrix of U q (Q). 

Let us give some examples. 

The case g g , A [sZ(l|l)] : 

In this case the universal R-matrix is given simply by 

K = exp[(g - g- 1 ) e ® /] q' r = [1 + (q - q' 1 ) e ® /] g- r , 

T = ^{h®h cx + h cx ®h). (4.14) 
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Let us write 

\ = (sf + l)~h + s^h m , s',seC. (4.15) 
Since h commutes with everything, <p\ is independent of s' . Set w = q 2t ~ s+h \ we have 

A = Ad(w^). (4.16) 

The formula for the twistor becomes 

F(w) = H(l-(q-q- 1 )w k q- h e®fq h ) 



k>l 



oo 

1 - (q ~ q' 1 ) E w k q~ h e ® fq h 



k=l 
ID 

l-(q-Q h q' h e®fq h . (4.17) 

1 — w 



The case £ ?iA [s/(l|l)]: 



Taking a basis {c, d, h, h ex } of the enlarged Cartan subalgebra of sZ(l|l), we write 

\ = rd + s 'c+( y s" + i)^h + s-hez, r,s',s",seC. (4.18) 
Then A is independent of s' and s". Set 

p = q 2r , w = q 2 ( s + h \ (4.19) 
Set F(z;p, w) = F(z, A). Then ( 4.13Q take the form 



F(pq 2cm z;p, w) = (0" 1 ® l)(F(z; • q r K(pq 2c(1) z), (4.20) 

F(0;p, W ) = F s , (1 | 1) H, (4.21) 

where W = Ad(w^ hcx ). 

The image of ( |4.20| ) in the two-dimensional representation (tt, V) given by ( |3.13| ) (by 
setting 6 = 1) yields a difference equation for F vv (z;p, w) = (it <E> 7r)F(2;;p, it;). Noting 
that 7i ■ (f) w = Ad(D~ 1 ) ■ ir, where D w = en + we22, we find 

F vv (pz;p,w) = Ad(D w ® l)(iVvCz;p,tt>)) ■ KR vv (pz), (4.22) 

where X = (7r <g> ?r)g r = q 2 e n (g> en + gen <g> e 22 + ge 22 <8> en + e 22 <S> e 22 and Ryy{pz) 
is given by ( |3.15|) (with 6 = 6' = 1). (|4.22 ) is a system of difference equations of g-KZ 



equation type [|23|| , and can be solved with the help of the g-hypergeometric series. The 
solution with the initial condition ( f4.21| ) is given by 



F vv (z;p,w) = i<f>o(z;p,w)e 11 ®e 11 + e 22 <$e 22 

+fu{z;p,w)e n ® e 22 + /^(z; p, w)e 22 ® en 

+fi2(z; p, w)e 12 (g) e 2i + / 2 i(z; p, iu)e 2 i ® e i2 , (4.23) 
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where 



fn(z;p,w) 
f 12 (z;p,w) 
f 2 i(z;p,w) 
f 22 (z;p,w) 



(pq 2 z;p) 00 
(pq 2 z;p) OQ ' 

/ — 2 — 2 

wq A q 2 
;p,pq z 

w 



2<P1 



\ 



w(q-q 
1 — w 



2<Pl 



( —2 —2 

wq pq 2 
;p,pq z 

pw 



zpw 1 (q — q x ) 



1 — pw 



-i 



2V1 



( — 1 —2 —2 

pw q pq 2 

2 z i ■ 

y p w 



2<^1 



/ —1 —2 —2 

q q 2 
;p,pg z 



I pw 



-i 



(4.24) 



Here 



29\ 



^ g a ;pUg b ;p) n . 
2^ - — — - — x 



n-1 

{a;p)n = Yl(l ~ ap k ), (a;p) = l. 

fc=0 



(4.25) 



4.2 Elliptic Quantum Supergroups of Vertex Type 



As we mentioned before, a given Kac-Moody superalgebras Q allows many inequivalent 
simple root systems. By means of the "extended" Weyl transformation method introduced 
|20l| , one can transform from one simple root system to another inequivalent one f2"lfl . 



in 



For Q = sl(n\n), there exists a simple root system in which all simple roots are odd (or 
fermionic). This system can be constructed from the distinguished simple root system by 
using the "extended" Weyl operation repeatedly. We find the following simple roots, all 
of which are odd (or fermionic) 

a = 5 - si + 5 n , 

a 2j =5 j -E j+ i, J = 1,2, •••,n-l, 
a 2i -i — £i — 5i, i = l,2,---,n 



(4.26) 



with 5, {Ei}™ =1 and {<5i}™ =1 satisfying 



(6, 5) = (5, Ei) = (6, Si) = 0, (e u Ej) = 6ij, 
(Si, 5j) = -8ij, (Ei, 5j) = 0. 



(4.27) 
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Such a simple root system is usually called non-standard. It seems to us that sl{n\n) is 
the only non-twisted affine superalgebra which has a non-standard system of simple roots, 
all of which are fermionic. 

As will be shown below, for Q = sl(n\n) with the above fermionic simple roots, one 
can construct a different type of twistor. Following Jimbo et al Q, we say this twistor is 
of vertex type. 

Let us write hi = oti [i = 0, 1, • • • , 2n — 1) with «j given by (4.26). We extend the Car- 



tan subalgebra of sl(n\n) by adding to it the element h ex = J27=i{ £ i + 3i)- A basis of the ex- 
tended Cartan subalgebra is {h ex , h , hi, ■ ■ ■ , hm-i, d}. Denote by {h ex , h°, h 1 , ■ ■ ■ , h 2n ~ x , c} 
the dual basis. We have 

1 n 

h ex = —Y(ei-6i), 
i=i 

k i. n 

i=i n i=i 

h 2k+1 = d +5>-5>- ^f 1 E( £ i - *)> ( 4 - 28 ) 
i=i i=i Zn i=i 

where fc = 0,l,---,n — 1. The canonical element T in the extended Cartan subalgebra 
reads 

2n-l 

T = h cx ® h cx + ^ (/i,- ® A*) + d ® c. (4.29) 

i=0 

Let r be the diagram automorphism of U q [sl(n\n)} such that 

7~( e i) = e i+l mod 2n, r (/i) = /i+1 mod 2n, T{hi) = ftj+l mo d 2n- (4.30) 

Obviously, the automorphism r is non-graded since it preserves the grading of the gener- 
ators and moreover, r 2n = 1. Then we can show 

r(h ex ) = -h„ + £c, r(c) = c, r(h cx ) = -h ex + ^-c, 



,2fc\ _ z,2fe+l mod2n , £ r \ £ + U 1 



r (/i 2fc ) = h 2k+1 mod2n + -2- 2( £i - 5i) - 



2^ ~J ' 2n 



c, 



r( ^ + l } = ^+2 mod2n + J_ £ ( _ ^ _ n 2fc 1 

2n ~[ 2rz 
where = 0, 1, ■ • • , n — 1 and £ is an arbitrary constant. Introduce element 

2n-l 

P= E V + tnhT, (4.32) 

i=0 

which gives the principal gradation 

\p,ei] = ei, \p,fi]=fi, i = 0, 1, ■ ■ -,2n - 1. (4.33) 

16 



It is easily shown that 

rip) =p, (r <g> t)T = T. (4.34) 

Notice also that 

(r <g> r) ■ A = A • r, 

(r®r)ft = ft. (4.35) 

Here the second relation is deduced from the uniqueness of the universal R-matrix of 
U q [sl(n\n)]. It can be shown that 

2 " 2(n 2 — 1) — 3£ 

V(r fc <g> 1)T = p (8) c + c (8) p i - 1 -c g> c. (4.36) 



Therefore, if we set 



r = 7^ P ® c + c ® p - -c ® c , (4.37) 

in \ o / 



then we have 

2n 



^(r fc ® l)(T-f) = 0. (4.38) 
fc=i 

Introduce an automorphism 

4> r = t ■ Ad (g 1 ^) , (4.39) 
which depends on a parameter r e C. Then the 2n-fold product 

1] (ft®!)^)" 1 (4.40) 

2n>fc>l 

is a formal power series in p^ where p = q 2r . Moreover, it has leading term 1 thanks to 
the relation ( f4.38|) . Following Jimbo et al 0, we define the vertex type twistor 

-l 



E{r) = lim U ® l) (q r K) . (4.41) 

N ^°° 2nN>k>l ' 

Then one can show that E{r) satisfies the graded shifted cocycle condition 

£7 12 (r)(A ® l)E(r) = E 23 (r + c (1) )(l ® A)E(r). (4.42) 
Moreover, E(r) obeys the co-unit property 

(e®l)E(r) = (l®e)E(r) = l. (4.43) 

We have 
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Definition 6 (Vertex type elliptic quantum supergroup) : We define elliptic quan- 
tum supergroup A qtP [sl(n\n)] of vertex type to be the quasi-triangular quasi-H op f super al- 
gebra (U q [sl(n\n)], A r , e, $(r), 7Z{r)) together with the graded algebra anti-homomorphism 
S defined by ^3.2J and a r = m ■ (S <S> l)-E(r)" 1 , [3 r — m ■ (1 ® S)E(r). Here e is defined 
by flSlfy, and 

A r (o) = E{r)A{a)E{r)-\ Va G U q (Q), 
H(r) = E(r) T TZE(r)-\ 

&(r) = E 23 (r + c {1) )E 23 (r)-\ (4.44) 

Similar to the face type case, introduce a formal parameter ( (or spectral parameter) 
into 1Z and E(r) by the formulae 

£(C) = Ad(C p ~®l)ft, 
E((,r) = Ad((t®l)E(r), 

K(C, r) = Ad{C ® l)K(r) = E{C\ r) T 1l{()E{(, r) _1 . (4.45) 

Then it can be shown from the definition of E(r) that E((,r) satisfies the difference 
equation 

E(p^qi cW (, r) = (r ® 1) _1 (£(C S r)) ■ q f n(p^q^ cW (), (4.46) 
£(0,r) = l. (4.47) 



The initial condition follows from ( |4.38|) and the fact that we are working in the principal 
gradation. (|4.46|) implies that 

E((p^q^ m ) 2n C,r) =J3(C,r)). ft / 0" ® l)*""** ( (p^q^Y^ C) ■ (4.48) 



v 7 2n-l>fc>0 v 7 

Some remarks are in order. In non-super case 7r and r are commutable in the sense 
that 7r • r = Ad(h) ■ it with obeying hvi = Vi + % mo d m , where {vi} are basis of the vector 
module V = C m = Cvx@- ■ -©Cc m of A q , p (sl m ) and r is the cyclic diagram automorphism 
of sl m . In the super (or Z 2 graded) case, however, 7r and r are not "commutable" in the 
above sense. This is because r is grading-preserving while the 2n-dimensional defining 
representation space V = C n ' n = Oui©- • -@Cv2 n is graded. So to compute the image, one 
has to work out the action of r at the universal level and then apply the representation tt. 
Therefore, the knowledge of the universal R-matrix in its explicit form is required. This 
makes the image computation of the twistor more involved in the supersymmetric case. 

As an example, consider the simplest case of elliptic quantum affine superalgebra 
^4 9iP [sZ(l|l)]. Let us calculate the image in the two-dimensional representation (tt, V), 
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V = C 1 ' 1 . As remarked above, we have to work at the universal level first and then apply 
the representation. We have 

Lemma 2 : In the principal gradation, the action of r on the Drinfeld generators is 
represented on V by 



t(X+) = (-l)V" +1 g- n ei2, t(X-) = (-l^z^V^, 

r(F n ) = (-l) n+1 ^ 2n — (en + e 22 ), 

n 

r(K x ) = (q- n e u + q -^[n] q (e u + e 22 )) . (4.49) 



Applying 7r (g) 7r to the both side of (|4.48|) and writing EyviC'iP) = ® 7r )£'(C? r )) where 



p = q 2r , we get 



Evv(p(;p) = E vv {(;p) ■ (tt <g> tt) ((r <g> l)£(p*0) • ^vv(K), (4-50) 



where i?yy(C) — C 71 " ® 7r )-^(0- I n view of ([4.49 ) and the explicit formula (|3.11|) of the 



universal R-matrix, ( 4.50|) is a system of eight difference equations. 



We can also proceed directly. We have, with the help of lemma [|, 



(tt ® 7r)(r 2fe ® 1) (Ad(/C)^ ® l) ^- x g- r = K • £ 2fc , 

(tt ® 7r)(r 2fe - 1 <g> 1) (Ad(p*-3C)^ ® l) H-\- f = p^-i ■ K- 1 ■ E 2k _ u (4.51) 

where K — (tt (g) 7r)g r and 

(l + gV^VXl + rV^C 2 ) 



P2k-\ 



(l+p^C 2 ) 2 

E 2k = ^r^((l-g-V fc C 2 )eii®en + (l-gy fc C 2 )e 22 ®e 22 



1 — q 2 p 2k C, 2 

+ (1 - p 2k C)e n <g> e 22 + (1 - p 2fc C 2 )e 22 ® e n 

-(9 - <l~ l )p k Czi2 ® e 21 + (g - q' x )p k Ce 2X ® ei 2 ) , (4.52) 



^-i = 1 + - 2 ^ fc -i C 2 (t 1 + gV fc - 1 C 2 )en e n + (1 + g-y*- 1 ^ e 22 
+ (1 + p 2A - 1 C 2 )en ® e 22 + (1 + p 2fc " 1 C 2 )e 22 ® e u 

+(9 - ff'V^Ceia ® e 2 i - (g - g _1 )p fe_ *Ce2i ® e 12 ) . (4.53) 

Then 

*W(C;p) = fl P2k-iKE 2k K- 1 E 2k ^ 1 = p(C;p) (E l vv {C;p) + E 2 vv (C;p)) , (4.54) 
fe>i 
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where 



(C'P) = (-pg 2 C 2 ;p 2 )oo , 455 , 

(pq(;p)c (-pq(;p)co' 

eucp) = n (1 +P L CT (a - g~v fc c 2 )(i + gy^On ® eil 

+(l-?V fe C 2 )(l+g-V fc - 1 C 2 )e 22 ® e2 2 
+(9 - <T V"*C(1 - rV fe C 2 )ei2 ® ei 2 

-(9 - ?~V~*C(1 " gV fc C 2 )e 2 i <8> e 21 ) , (4.56) 

E 2 w(C,p) = fi 1 ■ L-ia 2 ((* - P 2fc C 2 )gu ® e 22 + (1 - p 2fc C 2 )e 22 <g> e n 
fe>l 1 + P s 

-(g - q~ 1 )p k Cei2 ® e 2 i + (g - q^)p k C,e 21 ® e 12 ) . (4.57) 



The infinite product in .Ej>y(£;p) can be calculated directly and we find 

£yy(C;p) = MO(en ® e 22 + e 22 ® en) + c s (C)(ei 2 ® e 21 - e 2 i ® e 12 ), (4.5£ 

where, 



= (w ±1 C;p)oo(-w Tl C;p) 

As for E vv ((;p), it can be written as 

E vv(C;p) = ^ii(C;p)eii®en+X 22 (C;p)e 22 ®e 22 

+X 12 (C; p)ei 2 <g> da + X 21 (C; p)e 21 ® e 21 , (4.60) 

where X„(£;p) are the solution to the following system of four difference equations 

XiM;p) = z. \ rT - 2 ((1 + q- 2 pC 2 )X 11 (C;p)-pk(q ~ q- l )X 12 (C,p) 

1 — q z p z Q z \ 

x 12 ( P (; P ) = -1 — ^ (-pk(q - q- l )x n (C;p) + (1 + g 2 K 2 )*i 2 (C;p) 



1 — q 2 p 2 C 2 

X 21 (pC,P) = ; ^™ (A(<Z - q^X^Cp) + (1 + <t 2 K 2 )^ 2 i(C;p) 

1 — 5 p C v 

X ^P) = I _ l q2p2e (a + q 2 PC 2 )X22(C;p)+pk(q-q- 1 )X 21 (C;p)) . (4.61) 
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